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a b s t r a c t
In this work, we study two completely integrable equations, namely, coupled Burgers and
Korteweg–de Vries systems. The modified form of Hirota’s bilinear method, established by
Hereman, is employed to formally derivemultiple-soliton solutions andmultiple-singular-
soliton solutions for each system. Hirota’s bilinear method is reliable and effective and can
also be applied to solve other types of higher-dimensional integrable and non-integrable
systems.
© 2012 Elsevier Ltd. All rights reserved.
1. Introduction
The theory of solitary waves has attractedmuch interest in recent years for the treatment of partial differential equations
(PDEs) describing nonlinear and evolution concepts. Nonlinear phenomena appear in many areas of scientific fields such as
solid-state physics, plasma physics, fluid dynamics, mathematical biology, and chemical kinetics. Nonlinear problems are
characterized by dispersive effects, dissipative effects, and convection, advection, and diffusion processes.
The soliton is an important feature of nonlinearity, and it can be found inmany applications of science.Many effective and
reliable methods are used in the literature to investigate solitons, and in particular to investigate multiple-soliton solutions
of completely integrable equations.
The search for exact solutions of these equations has attracted a huge amount of research work. Consequently, a
considerable number of methods have been developed aiming to make further progress, to derive more solutions, and to
facilitate the calculations. Some of the methods are Darboux transformation, the Lie group method, the variable separation
method, the Painlevé analysis method, the exp-function method, the sine–cosine method, and the tanh function method;
see [1–18].
The multiple-soliton solutions of completely integrable evolution equations can be obtained by three different methods:
the inverse scattering method, the Bucklund transformation method, and the Hirota bilinear method. Hirota’s bilinear
method is rather heuristic, and it possesses significant features that make it practical for the determination of multiple-
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soliton solutions for a wide class of nonlinear evolution equations in a direct method. Hereman and Nuseir [12] developed
a modified form of Hirota’s method [13] that facilitates the computational work. Computer-symbolic systems such as
Maple and Mathematica have attracted further research work because they allow one to perform complicated and tedious
calculations.
The rest of this paper is arranged as follows. In Section 2, we describe Hirota’s bilinear method. In Section 3, to illustrate
the method, two models of special interest in physics, namely, coupled Burgers and Korteweg–de Vries (KdV) systems, are
chosen to derive multiple-soliton solutions and multiple-singular-soliton solutions. Finally, a conclusion and a discussion
are given in Section 4.
2. Hirota’s bilinear method
It is interesting to note that Hereman and Nuseir [12] established a simplified form of the bilinear method that depends
mainly on the auxiliary function and does not require the use of Hirota’s bilinear forms. This is a significant feature of
Hereman’s approach that gives it more power in handling nonlinear equations.
In what follows, we summarize Hirota’s simplified form as presented in Wazwaz [5–11]. We first substitute
u(x, y, z, t) = ekx+ry+sz−wt , (1)
into the linear terms of the equation under discussion to determine the dispersion relation between k, r, s andw. We then
substitute the single-soliton solution
u(x, y, z, t) = R∂ ln f (x, y, z, t)
∂x
= R fx(x, y, z, t)
f (x, y, z, t)
, (2)
into the equation under discussion, where the auxiliary function f (x, y, z, t) is given by
f (x, y, z, t) = 1+ f1(x, y, z, t) = 1+ C1eθ1 , (3)
θi = kix+ riy+ siz − wit, i = 1, 2, . . . ,N, (4)
and solve the resulting equation to determine the numerical value of R. Note that the N-soliton solutions can be obtained
with the aid the following forms for f (x, y, z, t).
(i) For the dispersion relation, we use
f (x, y, z, t) = eθi , θi = kix+ riy+ siz − wit, i = 1, 2, . . . ,N. (5)
(ii) For the single soliton, we use
f (x, y, z, t) = 1+ C1eθ1 . (6)
(iii) For the two-soliton solitons, we use
f (x, y, z, t) = 1+ C1eθ1 + C2eθ2 . (7)
(iv) For the three-soliton solitons, we use
f (x, y, z, t) = 1+ C1eθ1 + C2eθ2 + C3eθ3 + C1C2a12eθ1+θ2 + C2C3a23eθ2+θ3 + C1C3a13eθ1+θ3
+ C1C2C3b123eθ1+θ2+θ3 . (8)
Note that we use Eq. (5) to determine the dispersion relation, we use Eq. (7) to determine the phase shift a12 to be
generalized for the other factors aij, and, finally, we use Eq. (8) to determine b123, which is given by b123 = a12a23a13 for a
completely integrable equation. The determination of the three-soliton solutions confirms the fact that N-soliton solutions
exist for any order. In the following, we will apply the aforementioned steps to Eqs. (1) and (2).
3. New applications
To illustrate the effectiveness and the advantages of the proposed method, we aim to study a new hierarchy of nonlinear
evolution equations, namely, (2+1)-dimensional Burgers equations and (1+2)-dimensional KdV equations. The complete
integrability of these two systems can be examined by many methods. The bilinear forms are usually used to enable us
to derive the auxiliary function. However, Hereman formally introduced the simplified algorithm to derive the auxiliary
functions without using the bilinear forms.
2054 M.A. Abdou, A.A. Soliman / Applied Mathematics Letters 25 (2012) 2052–2057
3.1. Example (1). The coupled Burgers system
In the first model, we shall deal with the system of two-dimensional Burgers equations [19]
ut + uux + vuy = 1K [uxx + uyy],
vt + uvx + vvy = 1K [vxx + vyy], (9)
where K is the Reynolds number. To determine the standard soliton solutions, we set C1 = C2 = C3 = 1 and K = 1. To
determine the dispersion relation, we substitute
u(x, y, t) = eθi , θi = ki(x+ y)− cit, (10)
into the linear terms of Eq. (9). Solving the resulting equation for ci, the dispersion relation reads
ci = −2k2i , i = 1, 2, . . . ,N, (11)
and hence θi becomes
θi = ki(x+ y)+ 2k2i t, i = 1, 2, 3, . . . ,N. (12)
To determine R, we substitute
u(x, y, t) = R

∂ fx(x, y, t)
f (x, y, t)

, (13)
where the auxiliary function f (x, y, t) is defined by
f (x, y, t) = 1+ eki(x+y)+2k2i t , (14)
into Eq. (9) and solve to find that R = 2. Inserting (14) into (13) gives the single-kink solution. For the two-kink solutions,
we substitute
u(x, y, t) = R

fx(x, y, t)
f (x, y, t)

, (15)
where the auxiliary function f (x, y, t) is defined by
f (x, y, t) = 1+ eθ1 + eθ2 + a12eθ1+θ2 , (16)
into Eq. (9), where θ1 = k1(x+ y)+ 2k21t and θ2 = k2(x+ y)+ 2k22t , to obtain the phase shift a12:
a12 = 0. (17)
The auxiliary function f (x, y, t) for the two-kink solutions reads
f (x, y, t) = 1+ eθ1 + eθ2 . (18)
To determine the two-kink solutions explicitly, we substitute (18) into (15).
To determine the three-kink solutions, we use the auxiliary function
f (x, y, t) = 1+ eθ1 + eθ2 + eθ3 , (19)
or, equivalently,
f (x, y, t) = 1+ ek1(x+y)+2k21t + ek2(x+y)+2k22t + ek3(x+y)+2k23t , (20)
and proceed as before to find that b123 = 0. To determine the three-kink solutions explicitly, we substitute the last result
for f (x, y, t) into (15). The higher-level-soliton solutions, for N > 4, can be obtained in a parallel manner. This confirms
the fact that the (2+ 1)-dimensional Burgers system equations are completely integrable and give rise to multiple-soliton
solutions of any order.
To determine the multiple-singular-kink solutions, we set C1 = C2 = C3 = −1. In what follows, we give only the results
and the auxiliary functions that we used. We substitute
f (x, y, t) = 1− eki(x+y)+2k2i t , (21)
into Eq. (15) to find the single-kink solution. To determine the two-kink solutions, we substitute the auxiliary function
f (x, y, t) = 1− ek1(x+y)+2k21t − ek2(x+y)+2k22t , (22)
into Eq. (15). To determine the three-kink solutions, we substitute the auxiliary function
f (x, y, t) = 1− ek1(x+y)+2k21t − ek2(x+y)+2k22t − ek3(x+y)+2k23t (23)
into Eq. (15), θi = k1(x+ y)+ 2k21t, i = 1, 2, 3, . . . ,N .
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3.2. Example (2). The coupled KdV system
A second instructive model is the (1+ 2)-dimensional KdV equations [20]
ut + uxxx + 3uvx + 3vux = 0,
ux − uy = 0. (24)
Eqs. (24) were derived by Boiti et al. using the idea of the weak Lax pair [20]. Using Painlevé analysis, we assume that
u = 2(ln f )xy, v = 2(ln f )xx, (25)
where f (x, y, t) is a unknown real function. Inserting Eq. (25) into (24), we have
(Dy(Dt + D3x))f · f = 0, (26)
where the D-operator is defined by De Dai et al. [18]:
Dmx D
n
t f (x, t) · g(x, t) =

∂
∂x
− ∂
∂x′
m 
∂
∂t
− ∂
∂t ′
n
[f (x, t)g(x′, t ′)]x′=x,t ′=t . (27)
To determine the standard-soliton solutions, we set C1 = C2 = C3 = 1. To determine the dispersion relation, we
substitute
u(x, y, t) = eθi , θi = ki(x+ y)− cit, (28)
into the linear terms of Eq. (24). Solving the resulting equation for ci, the dispersion relation reads
ci = k3i , i := 1, 2, . . . ,N, (29)
and hence θi becomes
θi = ki(x+ y)− k3i t, i = 1, 2, 3, . . . ,N. (30)
Inserting (28) into (25) gives the single-kink solution.
For the two-kink solutions, we substitute
u(x, y, t) = 2

fx(x, y, t)
f (x, y, t)

, (31)
with the auxiliary equation f (x, y, t) as
f (x, y, t) = 1+ eθ1 + eθ2 + a12eθ1+θ2 , (32)
into Eq. (24), where θ1 = k1(x+ y)− k31t and θ2 = k2(x+ y)− k32t , to obtain the phase shift a12:
a12 = (k1 − k2)
2
(k1 + k2)2 , (33)
and this can be generalized for the phase shift in general:
aij = (ki − kj)
2
(ki + kj)2 , 1 < i < j < 3. (34)
The auxiliary function f (x, y, t) for the two-kink solutions is readily found to be
f (x, y, t) = 1+ eθ1 + eθ2 +

(ki − kj)2
(ki + kj)2

eθ1+θ2 . (35)
Todetermine the two-kink solutions explicitly,we substitute (36) into (31). To determine the three-kink solutions,weuse
f (x, y, t) = 1+ eθ1 + eθ2 + eθ3 + a12eθ1+θ2 + a23eθ2+θ3 + a13eθ1+θ3 + b123eθ1+θ2+θ3 , (36)
or, equivalently,
f (x, y, t) = 1+ eθ1 + eθ2 + eθ3 +

(k1 − k2)2
(k1 + k2)2

eθ1+θ2 +

(k2 − k3)2
(k2 + k3)2

eθ2+θ3 +

(k1 − k3)2
(k1 + k3)2

eθ1+θ3
+

(k1 − k2)2(k1 − k3)2(k2 − k3)2
(k1 + k2)2(k1 + k3)2(k2 + k3)2

eθ1+θ2+θ3 , (37)
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and proceed as before to find that b123 = a12a23a13, where aij are defined in (34). To determine the three-kink solutions
explicitly, we substitute the last result for f (x, y, t) into (15). The higher-level-soliton solutions, for N > 4, can be obtained
in a parallel manner. This confirms the fact that the (1+ 2)-dimensional KdV equations are completely integrable and give
rise to multiple-soliton solutions of any order.
To determine the multiple-singular-kink solutions, we set C1 = C2 = C3 = −1. In what follows, we give only the results
and the auxiliary functions that we used. We substitute
f (x, y, t) = 1− eki(x+y)−k3i t , (38)
into Eq. (32) to find the single-kink solution. To determine the two-kink solutions, we substitute the auxiliary function
f (x, y, t) = 1− ek1(x+y)−k31t − ek2(x+y)−k32t +

(k1 − k2)2
(k1 + k2)2

ek1(x+y)−k
3
1t+k2(x+y)−k32t , (39)
into Eq. (32). To determine the three-kink solutions, we substitute the auxiliary function
f (x, y, t) = 1− eθ1 − eθ2 − eθ3 +

(k1 − k2)2
(k1 + k2)2

eθ1+θ2 +

(k2 − k3)2
(k2 + k3)2

eθ2+θ3 +

(k1 − k3)2
(k1 + k3)2

eθ1+θ3
−

(k1 − k2)2(k1 − k3)2(k2 − k3)2
(k1 + k2)2(k1 + k3)2(k2 + k3)2

eθ1+θ2+θ3 , (40)
into Eq. (32), θi = ki(x+ y)− k3i t, i = 1, 2, 3, . . . ,N .
4. Conclusion and discussion
Our aim for this work is twofold. The simplified form of Hirota’s method, now well known in the literature as the
Hereman–Nuseir method, is employed to two (2 + 1)-dimensional systems of coupled nonlinear evolution equations
arising in physics, namely the coupled Burgers equations and the coupled KdV equations. This goal has been achieved
by determining three-soliton solutions for each system that usually lead to multiple-soliton solutions. The derivation
of multiple-soliton solutions often indicates integrability of the examined system. We also show the power of the
Hereman–Nuseir simplified scheme in that it possesses the strength to derive multiple-soliton solutions without any need
for the use of Hirota’s bilinear forms. This goal was also confirmed, since we formally derived multiple-soliton solutions for
each system without any need for bilinear forms or Bucklund transformation.
We compared our results with the results obtained in [8,18–20] to confirm the consistency of our results with results
that were obtained by other approaches. This work really shows that the simplified form is effective, reliable, and efficient.
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